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TOEPLITZ/HANKEL MATRIX ALGEBRA IN MODEL 

PREDICTIVE CONTROL 

TOEPLITZ/HANKEL MATICOVÁ ALGEBRA 

V PREDIKTIVNÍM ŘÍZENÍ 

 Daniel Honc, Libor Havlíček1 

Summary: Model-based Predictive Control (MPC) algorithms popularity grows steadily in 
industry and academic area as well. Control actions are computed as an 
optimization problem. Future controlled system behaviour is taken into account - 
predicted over some horizon. Different methods and mathematical apparatus are 
utilized to get prediction equations. Diophantine equations and their recursive 
solving are very neat methods. On the other hand to compute predictions by matrix 
operations in state-space is easily to program. Paper is focussed on another 
insightful and compact method based on input-output process model representation 
and taking advantage of Toeplitz/Hankel matrix algebra. 

Key words: model predictive control, CARIMA process model, Toeplitz/Hankel matrix 
algebra 

Anotace: Popularita prediktivních algoritmů v průmyslu i akademické oblasti neustále roste. 
Akční zásahy jsou počítány jako optimalizační problém. Je bráno do úvahy budoucí 
chování řízeného procesu – je predikováno na konečném horizontu. Pro získání 
predikčních rovnic jsou používány různé metody a matematické aparáty. Rekurzivní 
řešení Diofantických rovnic jsou velmi elegantní metody. Na druhé straně výpočet 
predikce pomocí maticových operací ve stavovém popisu je jednoduše 
programovatelný. Článek je zaměřen na jinou průhlednou a kompaktní metodu 
založenou na vstupně-výstupní reprezentaci modelu a využívající výhody 
Toeplitz/Hankel maticové algebry. 

Klíčová slova: prediktivní řízení, CARIMA model, Toeplitz/Hankel maticová algebra 

1. INTRODUCTION 

Generalized Predictive Control (GPC) as it was published by Clarke and Mohtadi [1], 
[2] is based on CARIMA process model. Polynomial algebra is used to get prediction 
equations – it is necessary to solve Diophantine equations. This is very elegant and 
scientifically interesting problem but for beginners usually not very clear and intuitive. I is not 
easy to program general controller design algorithm because of the problem complexity for 
multi-input multi-output (MIMO) processes, measurable disturbances and coloured noise 
case. Methods based on state-space models are more easily to understand and to program [3]. 
Their main disadvantage is necessity to measure or estimate state variables and problems with 
steady-state control error. Alternative method how to compute prediction equation from input-
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output CARIMA process model is presented in the paper. This method is easy to understand 
and only knowledge of difference equations and matrix algebra is required [4]. 
 

2. MODEL PREDICTIVE CONTROL CONCEPT 

If disturbances are non-stationary CARIMA process model is usually considered 
(resulting controller has integrating character) 
 

( ) ( ) ( ) ( ) ( ) ( )kezCkuzBkyzA 111 1ΔΔ −−− +−=  (1) 
 

where A(z-1), B(z-1) and C(z-1) are polynomials, increment operator Δ is defined as 
11 −−=Δ z , y(k) is plant output, u(k) is plant input and e(k) is zero-mean white noise. 

 
Following finite horizon quadratic criterion (cost function) is minimized 
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where ( )kjky |ˆ +  is an optimum j-step ahead prediction of the system output, N1 and N2 are 
the minimum and maximum prediction horizon and w(k+j) is a future set-point. N3 is the 
control horizon (after the first N3 control moves is the control signal kept constant). r and q 
are weighting coefficients. 
 

Plant output prediction can be expressed in matrix form as 
 

123123p12p12p12312312 NNNNNNNNN fUGEEYFUGUGY +Δ⋅=⋅+⋅+Δ⋅′+Δ⋅=  (3) 
 
where 
 

( ) ( )[ ]TN kNkykNky |ˆ|ˆ 2112 ++= KY , ( ) ( )[ ]TN Nkuku 133 −+ΔΔ=Δ KU , 

( ) ( )[ ]Tbnkuku −Δ−Δ=Δ K1pU , ( ) ( )[ ]Tankyky −= KpY , ( ) ( )[ ]Tcnkeke 1p +−= KE  
 
and matrices 121212123 and,, NNNN EFGG ′  are calculated from the process model. 
 

Cost function can be rewritten in matrix form and the optimum future control moves can 
be expressed analytically for unconstrained case. Receding strategy means that only the first 
element of the sequence ΔUN3 is actually sent to the process and the control action is then 
 

( ) ( )1212 NNku fWK −=Δ  (4) 
 
where K is controller gain matrix  and WN12 are future set-points 

( ) ( )[ ]TN NkwNkw 2112 ++= KW . 
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3. PREDICTION EQUATIONS 

CARIMA process model has a form (we consider white noise case for the sake of 
simplicity) 
 
( ) ( ) ( ) ( ) ( ) 1,~,1~ 111 =Δ=−Δ⋅=⋅ −−− zCAAkuzBkyzA  (5) 

 
We can rewrite process model equations (5) for N future sampling times as 
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Set of equations (6) written in matrix form is 
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To get vector of predicted process outputs ( ) ( )[ ]TN Nkyky ++= K1Y we have to 

multiply equation (7) by inverse of matrix on the left side or we can use Toeplitz/Hankel 
matrix algebra and compute prediction equations iteratively (as analogy to Diophantine 
equations solving). 

4. EXAMPLE 

Let us consider continuous-time process model ( )
( )21

1
+

=
s

sG  and GPC controller 

parameters - see Table 1. 
 

Table 1  GPC parameters 
TS N1 N2 = N3 r q C(z-1) = T(z-1) 
1 s 1 5 1 0.05 (1-0.8 z-1)2 
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After discretization we get discrete-time transfer function and difference equation 
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If we multiply the difference equation by Δ term we get CARIMA process model 

 
( ) ( ) ( ) ( ) ( ) ( )213530126420313530287110173581 −Δ+−Δ=−−−+−− ku.ku.ky.ky.ky.ky  (9) 

 
( ) ( )( ) 3212111 1353087110735811135307358011 −−−−−−− −+−=+−−=Δ z.z.z.z.z.zzA  

 
We use filtering polynomial (let us consider coloured noise case)  

 

( ) ( ) ( ) 212111 6406118.01 −−−−− +−=−== z.z.zzTzC  (10) 
 

One-step ahead optimal plant output prediction is 
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where e(k) is prediction error ( ) ( ) ( )kykyke m ˆ−=  and ym(k) is measured plant output. We 
suppose zero future prediction errors, that means ( ) ( ) ( ) 021 =+==+=+ Nkekeke K  
 

Two-step ahead optimal plant output prediction is 
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Three-step ahead optimal plant output prediction is 

 
( ) ( ) ( ) ( ) ( ) ( )113530226420135301ˆ871102ˆ735813ˆ +Δ++Δ+++−+=+ ku.ku.ky.ky.ky.ky m  (13) 
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Prediction equations rewritten in matrix form are 
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After multiplying equation by A-1 we get plant output prediction in the for of equation 
(3) 
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5. CONCLUSION 

Simple method how to calculate prediction equations from CARIMA input-output 
process model is presented in the paper. If the process is identical we must get identical 
prediction equations but the way can how to reach them can differ – we can use different 
mathematical apparatus. 

Discussed approach is very illustrative and easy to understand. From this point of view 
it is suitable for “MPC beginners” and students. Algorithm of this method is easy to develop 
and program as well as for multidimensional systems and coloured noise case. The solution is 
possible by matrix inversion (to solve whole problem at once) or in an iterative way by use of 
Toeplitz/Hankel matrix algebra (as an analogy to Diophantine equations solving). 
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